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Extension of structure groups of principal bundles
in positive characteristic
Fabrizio Coiai and Yogish I. Holla
Abstract
In this article we study the behaviour of semistable principal G-bundles
over a smooth projective variety X under the extension of structure groups
in positive characteristic. We extend some results of Ramanan-Ramanathan
[20] on rationality of instability flags and show that the associated vector
bundles via representations of G are not too unstable and the instability can be
bounded by a constant independent of semistable bundles. As a consequence
of this the boundedness of the set of isomorphism classes of semistable G-
bundles with fixed degree and Chern classes is proven.
Mathematics subject classification 14J60, 14L24
1 Introduction
Let G be a connected reductive algebraic group over an algebraically closed field
k of arbitrary characteristic. Let X be a smooth projective variety over k with a
fixed polarization H . In this paper we address the question of what happens to
semistability of principal G-bundles under the extension of structure groups.
Recall the definition of a rationalG-bundle E as a principal G-bundle over a big open
subscheme (whose complement is of codimension at least 2). A rational G-bundle
E over X is semistable with respect to the polarization H if for any reduction to a
parabolic subgroup P of G over any big open subscheme, the line bundle associated
to any dominant character on P has degree ≤ 0.
One notes that restrictions of torsion free sheaves to suitable open sets define rational
GL(V )-bundles and in this case the above definition of semistability coincides with
usual µ-semistability.
Let ρ : G −→ GL(V ) be a representation of G on a vector space V which sends
the connected component of the center of G to that of GL(V ). For any rational
G-bundle E we denote by E(V ) the associated rational vector bundle.
When the characteristic of the field is zero, it is proved in [20] that the bundle E(V )
is semistable. If the characteristic of the field is a prime p which is sufficiently large
(quantified by the height of the representation) then the semistability of E(V ) is
proved in [15].
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In the case of arbitrary characteristic it is known that the bundle E(V ) need not
be semistable. Let µmax(E(V )) (and µmin(E(V ))) be the slopes of the first (and
the last) term in the Harder-Narasimhan filtration of E(V ). We prove the following
theorem.
Theorem 1.1 Let ρ : G → GL(V ) be a representation which sends the connected
component of the center of G to that of GL(V ). Then there exists a constant C(X , ρ)
(depending only on X and ρ) such that for each rational semistable G-bundle E over
X we have
µmax(E(V ))− µmin(E(V )) ≤ C(X , ρ)
We briefly describe the proof. Let E(G) be the group scheme associated to E
and E(G)0 be the group scheme at the generic point Spec(k(X)) → X . Let P
be a maximal parabolic subgroup of GL(V ) and let σ be a rational reduction of
structure group of E(GL(V )). There is an action of E(G)0 on the smooth projective
variety E(GL(V )/P )0 over k(X) which is linearized by a suitable line bundle. The
section σ gives a k(X)-valued point σ0 of E(GL(V )/P )0. It is known that if σ0 is
a semistable point for the above action then the reduction σ does not violate the
semistability of E(GL(V )) (see Proposition (3.8)). Also, if σ0 is not semistable and
its instability parabolic P (σ0) (see Section 3 for the definition) is defined over the
function field k(X) ofX then again σ does not violate the semistability of E(GL(V ))
(see Proposition (3.9)). This argument in characteristic zero proves that E(V ) is
semistable because P (σ0) is defined over k(X) and by its uniqueness it is invariant
by the Galois group hence it is defined over k(X).
In the case of characteristic p one of the important points in our proof is to show
that there is an integer N (independent of the G-bundle E) such that if σ0 is
not semistable then its instability parabolic is defined over the field k(X)p
−N
(see
Proposition 4.5). This part is achieved by repeated use of an algebraic result which
enables us to get uniform bounds for non-reducedness of fibers of morphisms of
algebraic varieties (see Proposition 4.2).
Once the instability parabolic is defined over Kp
−N
(X), this parabolic gives rise
to a reduction of structure group of the Frobenius pull-back (FN)∗E. Using this
reduction and some geometric invariant theory arguments, we reduce the problem
to proving the following Theorem which bounds instability of Frobenius pull-backs.
Theorem 1.2 There exists a constant C(X , G) and a constant N(G) such that for
any rational G-bundle E we have
Ideg(F ∗E) ≥ pN(G) Ideg(E) + C(X , G)
(The instability degree Ideg is defined by equation (1) (in Section 2).
In the case of vector bundles, the above result was proved by X. Sun (see [23]) and
Shephard-Barron (see [22]).
We use the Theorem (1.1) for groups of lower semisimple rank to prove the Theorem
(1.2). In fact we prove a generalization of Theorem (1.1) where we replace GL(V )
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by an arbitrary reductive group and (1.2) will then be a special case of this result
(see Remark (5.5)).
Let c˜i ∈ A∗(X) for i = 1 . . . n be elements with n = dim(X). Let Sb(r ; c˜1 . . . , c˜n)
be the set of isomorphism classes of torsion free sheaves V of rank r and ci(V ) = c˜i
satisfying µmax(V ) − µmin(V ) ≤ b.
Let ci ∈ Ai(X) for 2 ≤ i ≤ n be fixed. We also fix a homomorphism d ∈
Hom(X (G) , A1(X)). Here Ak(X)’s are the Chow groups and X (G) is the group of
characters.
In the last section, we use the above results to show the following result on bound-
edness of semistable G-bundles (which are defined on all of X).
Theorem 1.3 Assume that the set Sb(r ; c˜1 , . . . , c˜n) is bounded for all choices of
c˜i, b and r. Then the set SG(d ; c2, . . . , cn) of isomorphism classes of semistable
G-bundles {E} with degree dE = d and ci(ad(E)) = ci is bounded.
Here the degree of a principal bundle E is an element dE ∈ Hom(X (G) , A1(X))
defined by dE(χ) = c1(χ∗(E)) for any character χ of the group G. Here χ∗(E) is
the line bundle associated to E via χ.
In characteristic 0, the boundedness of the set Sb(r ; c˜1, . . . , c˜n) is well known (see
[11] for example). In the case of positive characteristic, for surfaces, this is due to
Gieseker [7] and Maruyama [16]. For higher dimensional varieties this is recently
claimed by Langer [14]. This along with Theorem (1.3) would then prove bounded-
ness of semistable G-bundles over X with fixed Chern classes.
When X is a smooth projective curve in characteristic 0, the boundedness of the
semistable G-bundles with fixed degree is due to Ramanathan [19]; in the case of
positive characteristic, it is proved in [10].
Acknowledgments The authors wish to thank M.S. Narasimhan who initiated
them into this problem, and also for sharing his ideas. The first named author would
like to thank the Tata Institute of Fundamental Research (Mumbai and Bangalore
centers) for hospitality.
2 Basic definitions and notations
Semistable G-bundles
In this section we recall and prove some basic facts about principal G-bundles over
varieties. Let k be an algebraically closed field. Let G be a connected reductive
algebraic group over k. Let T be a maximal torus and B a Borel subgroup containing
T . Let Ru(B) be the unipotent radical of B. Then B is a semi-direct product
Ru(B) · T . We denote by X∗(T ), the group of 1-parameter subgroups of T (denote
by 1-PS). X ∗(T ) denotes the group of characters of T . We have a perfect pairing
X∗(T ) ⊗ X ∗(T ) −→ Z which will be denoted by (· , ·). Let Φ ⊂ X ∗(T ) be the set
of roots of G, Φ+ be the set of positive roots and ∆ be the set of simple roots
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corresponding to B. For any α ∈ Φ, let Tα be the connected component of ker(α)
and Zα the centralizer of Tα in G. Then the derived group [Zα, Zα] is of rank one
and there is a unique 1-PS αˆ : Gm −→ T ∩ [Zα, Zα] such that T = (im αˆ) · Tα
and (αˆ, α) = 2. This αˆ is the coroot corresponding to α. We denote by Φˆ the
set of coroots. The quadruple {X ∗(T ), Φ, X∗(T ), Φˆ} defines a root system. For
each α ∈ ∆ we have the fundamental dominant weight wα ∈ X ∗(T ) ⊗ Q defined
by (βˆ, wα) = δα,β for β ∈ ∆ and (γ, wα) = 0 for any 1-parameter group in the
connected component of the center of G. Let W = N(T )/T be the Weyl group. We
fix a W -invariant inner product on X∗(T )⊗Q (hence on X ∗(T )⊗Q).
Let P be a parabolic subgroup of G containing B. Let U be its unipotent radical.
Then there is a subset Π ⊂ ∆ such that P = PΠ. Let ZΠ = (∩α∈∆−Πkerα)0 be the
connected component of the intersection of kernels of roots in ∆−Π. By taking the
centralizer of ZΠ one obtains a splitting P → P/U = L with ZΠ being the connected
component of the center of L.
Let X be a smooth projective variety over k of dimension n and let k(X) = K be
the function field of X . Let H be a fixed polarization on X . Since any line bundle
L over a big open subscheme U (whose complement is of codimension at least 2)
admits a unique extension to all of X , its first Chern class makes sense. Recall the
definition of the degree of the line bundle to be deg(L) = c1(L) · Hn− 1. Hence for
any torsion free sheaf its first Chern class and the degree with respect to H makes
sense.
We recall from [20] that a rational G-bundle E is a principal G-bundle over a big
open subscheme of X . For G = GL(V ) this defines a vector bundle over a big open
subscheme and we call it rational vector bundle.
Let E −→ U ⊂ X be a rationalG-bundle with U a big open subscheme. By rational
reduction of structure group σ of E to P we mean a reduction of structure group
over a big open subscheme U ′ ⊂ U . More precisely it is a pair (Eσ, φ) with Eσ a
P -bundle over U ′ and an isomorphism φ : Eσ(G) −→ E|U ′. This is equivalent to
giving a section σ of the fiber bundle π : E/P −→ U over U ′. Here E/P denotes
the extended rational fiber bundle E(G/P ) over X .
Let Tpi be the tangent bundle along the fibers of the map π. Then Tpi is a rational
vector bundle. For a reduction of structure group σ we will denote by Tσ the rational
vector bundle defined by the pull-back of Tpi under σ. We will also fix notations for
the Lie algebras by putting g, p and l for the Lie algebras of G, P and L respectively.
Then it can be verified that Tσ is the rational vector bundle on X associated to Eσ
for the natural representation of P on g/p.
Recall the following definition of semistability from Ramanan-Ramanathan [20].
Definition 2.1 A rational G-bundle E −→ U ⊂ X, with U a big open set is
semistable with respect to polarization H if for any reduction of E to any parabolic
subgroup P of G over any big open set U ′ ⊂ U , the line bundle associated to any
dominant character on P has degree ≤ 0.
This definition is equivalent to the fact that deg(Tσ) > 0 for each rational parabolic
reduction.
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If V is a torsion free sheaf then over a big open set U the restriction V |U is a vector
bundle. The above definition of semistability is equivalent to the µ-semistability of
V .
Instability degree and Harder-Narasimhan reduction
If the rationalG-bundle is not semistable then there is a notion of Harder-Narasimhan
reduction which we recall here. For a rational G-bundle E which is not semistable
we define the instability degree to be:
Ideg(E) = Min{P,σ}deg(Tσ) (1)
where the minimum is taken over all parabolic subgroups P and rational reductions
σ. If the rational G-bundle is semistable then we say its instability degree is 0. The
following lemma shows that the instability degree makes sense, and is an analogue
of Lemma 2.1 of [10] for the higher dimensional varieties.
Lemma 2.2 There exists a constant AE such that for any rational reduction σ of
E to any parabolic P we have deg(Tσ) > AE
Proof It is enough to show that the degree of the rational vector subbundle
ad(Eσ) ⊂ ad(E) is bounded above.
We can first extend the bundle ad(E) to get a torsion free sheaf E onX . Then we can
extend ad(Eσ) inside E to obtain a torsion free subsheaf. There exists a constant A′E
such that for any curve C in the class |Hn−1|, we have a bound h0(C , E|C) ≤ A′E .
Let g be the maximum of the genus of smooth curves in |Hn−1|. Now if C is a
smooth projective curve which sits in the domain of definition of ad(Eσ) and ad(E)
then we get deg(Eσ) ≤ A′E + (g − 1) rank(ad(E)). This proves the lemma. 
Definition 2.3 A rational reduction of structure group σ of E to a parabolic P
is said to be a Harder-Narasimhan reduction if deg(Tσ) = Ideg(E) and P is
maximal among parabolic subgroups of G containing B for which the above equality
holds.
The Harder-Narasimhan reductions as defined above satisfy the following properties
stated in Ramanathan [21]. (see [4] for a proof).
1. If L is the Levi quotient of P , then the principal L-bundle Eσ(L) obtained by
extending the structure group is semistable;
2. After fixing a Borel subgroup B ⊂ P of G, for any nontrivial character χ of
P which is a non-negative linear combination of simple roots, the associated
rational line bundle χ∗((Eσ)) over X is of positive degree.
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It is proved in Behrend [3] that over a smooth projective curve there is a unique
reduction to a parabolic subgroup containing B satisfying the above properties.
In the case when X is higher dimensional the uniqueness is known only when the
characteristic of the field is 0 or it is a large prime p.
We will not have the occasion to use the uniqueness of the above reduction. We will
only use its existence.
For the case G = GL(V ) the above reduction defines the Harder-Narasimhan fil-
tration and the uniqueness is then immediate. We have the following lemma which
compares the instability degree with the µmax − µmin of the rational vector bundle.
Lemma 2.4 Let E be a rational principal GL(V ) bundle of rank r over X which
is not semistable (we will denote by E(V ), the associated vector bundle). Then we
have the following.
µmax(E(V )) − µmin(E(V )) ≤ −
2
r2
Ideg(E)
Proof For the proof one first notices that if F ⊂ E(V ) is a rational subbundle
of rank r1 and F1 is the quotient, then it defines a rational reduction of structure
group σ of E to a maximal parabolic P1 of GL(V ). One further has an isomorphism
of rational bundles Tσ ∼= Hom(F , F1).
This implies that µ(F )− µ(F1) = −µ(Hom(F , F1)) ≤ −Ideg(E)/( r1 (r − r1)).
This inequality can also be written by eliminating F1 or F , we get µ(F )−µ(E(V )) ≤
−Ideg(E)/ (r r1 ) and µ(E(V ))− µ(F1) ≤ −Ideg(E)/ (r (r − r1)).
Now if we take F to be the rational subbundle which is maximal destabilizing
then we have µmax(E(V )) = µ(F ). This implies that µmax(E(V )) − µ(E(V )) ≤
−Ideg(E)/ r2. Similarly one has µ(E(V )) − µmin(E(V )) ≤ −Ideg(E)/ r2. Com-
bining these we have the proof of the lemma. 
Frobenius morphism
Let k be an algebraically closed field of characteristic p > 0. The pm-th power map
OX → OX given by f → f p
m
is a homomorphism and gives rise to a morphism
FmX : X → X called the absolute Frobenius morphism. Using this morphism we can
pull-back a G-bundle E over X to get a G bundle (FmX )
∗(E) which we will denote
by (Fm)∗E. One notes that the absolute Frobenius morphism is not a k-morphism.
But since k is a perfect field we can always twist by the Frobenius isomorphism of
k to ensure that the G-bundle (Fm)∗(E) has a well defined k-structure.
We will use the following well known result about Frobenius morphisms.
Proposition 2.5 Let E be a rational G-bundle over X. Then there exists a p-
connection ∇ on the G-bundle F ∗(E) which satisfies the following property: for any
rational reduction of structure group σ of F ∗(E) to a parabolic P there is a vector
bundle map (second fundamental form) ∇σ : TX → Tσ (wherever Tσ is defined) such
that the following are equivalent.
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1. There exists a rational reduction σ0 of E to P such that F
∗(σ0) = σ.
2. ∇σ is zero.
Proof See for example, proof of Theorem (2.1) of [23].
3 Geometric invariant theory and the method of
Ramanan and Ramanathan
In this section we will describe some basic facts about geometric invariant theory
and briefly explain the results of Ramanan and Ramanathan [20].
The instability parabolic
Let K be a field and let K be a fixed algebraic closure. Let G be a connected
reductive algebraic group over K. Let V be a finite dimensional representation of
G we get an induced action of G on the projective space P(V ) of lines in V . For a
point v ∈ P(V ) we will denote, by abuse of notation, a representative in V again by
v.
Firstly we will describe the theory when K = K is algebraically closed and later
extend the theory to non-algebraically closed fields.
Recall that a point 0 6= v ∈ V is semistable for the G-action if the closure Gv of
the orbit of v does not contain 0. One knows that this definition is equivalent to
existence of a G-invariant element φ ∈ Sn(V ∗) for some n > 0 such that φ(v) 6= 0 .
If v ∈ V is not semistable then recall the following notions.
For a 1-PS λ of G, consider the decomposition of V =
⊕
Vi with Vi = {v ∈
V | λ(t)v = ti v}. For an v ∈ V one defines the invariant
m(v , λ) = inf{i |v has a non-zero component in Vi}
Using the W -invariant inner product on a fixed maximal torus T one defines the
slope ν(v , λ) = m(v , λ)/||λ|| for all 1-PS in the maximal torus T . Since maximal
tori are conjugates this definition can be extended to all 1-PS in G.
The following lemma will be used in the sequel.
Lemma 3.1 With the above notations there exists a constant C (independent of
v ∈ V and 1-PS λ) such that ν(v , λ) ≤ C.
Proof See Proposition (2.17) p. 64 of [18] for a proof.
We define the instability 1-PS for a given v ∈ V (which is not semistable) as one
for which ν(v , λ) attains its maximum among all 1-PS of G (see Theorem (1.5, a) of
[20]).
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For a 1-PS λ, recall the definition of the parabolic P (λ) whose valued points are
characterized by elements g ∈ G for which the limit Limt−→0λ(t) g λ(t)−1 exists.
In the following Proposition we summarize the basic facts in geometric invariant
theory.
Proposition 3.2 Let v ∈ V be a non-zero element which is non-semistable.
1. There is a unique parabolic subgroup P (v) with the property that for any in-
stability 1-PS λ for v we have P (v) = P (λ).
2. For any maximal torus T ⊂ P (v) there is a unique 1-PS λT ⊂ T such that it
is an instability 1-PS for v.
Proof See Theorem (1.5, b and c) [20].
The above uniquely defined parabolic P (v) will be called the instability parabolic
for v. Here the uniqueness of λ is as a subgroup of T rather than a morphism
Gm → T .
If G acts on projective variety M which is linearized by an ample line bundle L
then by taking some power of L we get a representation V of G and a G-equivariant
embedding i : M → P(V ) with i∗O(1) being some power of L. In this setup we
say a point m ∈ M is semistable for G action if the corresponding point in V is
semistable.
Let v 6= 0 be a non-semistable point. Let P = P (v) be its instability parabolic and
let λ ⊂ T ⊂ P be a chosen tuple of instability 1-PS and a maximal torus T . Let
V =
⊕
i Vi be the decomposition of V with respect to λ. Let j = m(v , λ). Using
this we have a decomposition v =
∑
i≥0 vi, where vi ∈ Vi+j.
Here one notes that V j =
⊕
i≥j Vi is preserved under the action of P = P (v) and
the unipotent radical U ⊂ P pushes V j to V j+1, thus giving an action of the Levi
quotient L = P/U on V j/V j+1.
The W -invariant inner product on a fixed maximal torus of G naturally gives rise
to a W -invariant inner product on T ⊂ P (v). Let lλ ∈ X ∗(T )⊗Q be the dual of λ.
Let r1 ∈ Z
+ such that r1 lλ defines a character of T . The restriction of this character
to the connected component Z0(L)of the center of L, and taking a further multiple,
extends to give a character of L. Hence given a λ we get a character χ of P (v) which
is well defined up to a positive integral multiple.
In the following proposition we describe the basic result of Ramanan-Ramanathan
[20] concerning the behaviour of v0 ∈ V j/V j+1 under the induced action of L on
V j/V j+1.
Proposition 3.3 Assume that the group Z0(G) acts trivially on V . Then there
exists a positive integer r and dominant character χ of P such that the point v0 ∈
P(V j/V j+1) is semistable for the natural action of L with respect to linearization
given by O(r) ⊗ Oχ−1, where Oχ−1 is the trivial line bundle with L acting on it by
χ−1
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The proof of the above result (as given in Proposition (1.12) in [20]) also gives a
recipe to find the integer r and the character χ and they are related by the following
Lemma.
Lemma 3.4 There is a character χ′ of the maximal torus T ⊂ P such that the
following holds.
1. χ′|Z0(L) = χ|Z0(L)
2. χ′ = r ν(v , λ) ||λ|| lλ, where lλ is the dual of λ.
The above Lemma will be used in our proof of the main Theorem.
The Rationality of the instability parabolic
We will now assume that the ground field K is not algebraically closed. Let G be a
connected reductive group overK which acts on a projective K-varietyM , linearized
by an ample line bundle L, thus giving a G-equivariant embedding i : M → P(V )
as before.
We will call a K-valued point v ∈ V semistable if it is so after a base change
to algebraic closure. In this way we will avoid the confusion of which field the
semistability definition is used.
Letm be aK-rational point ofM which is not semistable. Let P (m) be its instability
parabolic defined over K.
Remark 3.5 Note that if P (m) is defined over Ks then it is already defined over
K. This is because of the uniqueness of P (m) (see Proposition 3.2 (1)) and the
Galois descent argument. Also note that if P (m) is defined over K then it contains
a maximal torus over K which splits over Ks. Then the instability 1-PS of m which
is contained in the maximal torus over Ks, by uniqueness (Proposition 3.2 (2)) is
Galois invariant and hence it is defined over K.
Let O(m) be the (reduced) orbit of G at m. Since m is defined over K the orbit
O(m) is also defined over K.
We briefly recall the construction of a scheme M(P )xm which will be used later in
an important way.
We can find a g ∈ G such that g P (m) g−1 = P is defined over Ks (as the variety
of all parabolics conjugate to P (m) is defined over Ks, being absolutely reduced,
has a Ks-rational point (see [6])). If xm = g m then P = P (xm) is the instability
parabolic of xm.
Since P is defined over Ks and over this field G splits, we have a maximal torus in
P which splits over Ks. Hence there is a instability 1-PS λ of xm in this maximal
torus over Ks.
The representation V of G decomposes as V =
⊕
i∈Z Vi for the action of λ, where
Vi = {v ∈ V |λ(t) · v = ti v, t ∈ Gm}. Let j = m(xm, λ) and V j =
⊕
i≥j Vi.
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Recall the definition of the Ks-scheme M(P )xm as the scheme theoretic intersection
of the Ks-subschemes P(V
j) and O(m) of P(V ).
The following two results summarizes the basic properties of the scheme M(P )xm .
Lemma 3.6 The K-rational points of the Ks-subscheme M(P )xm of the K-scheme
O(m) are precisely those points which have P (xm) as their instability parabolic.
Moreover, when the G action on m is strongly separable then M(P )xm is absolutely
reduced.
Proof See Lemma (2.4) of [20].
Recall that the G-action atm ∈M(K) is said to be strongly separable if the isotropy
subgroup scheme Gx is reduced at every point x ∈M(K) which is in the closure of
the orbit O(m).
Lemma 3.7 Suppose that y ∈ M(P )xm ⊂ O(m) is a Ks-rational point and that
there is an h ∈ G(Ks) such that h maps to y under the orbit map G→ O(m). Then
P (m) is defined over K.
Proof By lemma (3.6), the point y = hm has the property that P (y) = P (xm),
hence P (y) is defined over Ks. This implies that P (m) = hP (y) h
−1 is also defined
over Ks, hence by Remark (3.5) we conclude the proof of the Lemma. 
The above lemma has the consequence that if the action of G is strongly separable
at m then the parabolic P (m) is already defined over K (also see Proposition 2.4,
[20]).
The argument of Ramanan and Ramanathan
Let E be a rational G-bundle over X . Let ρ : G −→ G1 be a representation of G
which takes the connected component of the center of G to the center of G1. Let P1
be a parabolic subgroup of G1. We fix a representation G1 −→ GL(VP1) such that it
defines an embedding of G1/P1 ⊂ P(VP1) with the property that the character of P1
on VP1 is a positive multiple mP1 of the character of χP1 associated to the restriction
of the adjoint representation of P1 on the vector space g1/p1.
The line bundle O(1) on the projective variety P(V ) gives rise to a line bundle L
over G1/P1.
For the rational G-bundle E over X we have the group scheme E(G) using the
conjugation action of G on itself. Let E(L) over E(G1/P1) be the associated line
bundle over the associated rational fiber bundle over X .
Let E(G)0 be the group scheme defined over the function field K of X . We also
have the action of E(G)0 on the projective variety E(G1/P1)0 ⊂ E(P(V ))0 over K,
linearized by the line bundle E(L)0.
Let σ be a reduction of structure group of E(G1) to P1. Let σ0 be the associated
K-rational point of E(G1/P1)0.
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In the following two propositions we summarise the basic argument of Ramanan-
Ramanathan.
Proposition 3.8 Let σ0 be semistable for the action of E(G)0 on E(G1/P1)0 (over
K) for the polarization E(L)0. Then the section σ has the property that deg(Tσ) ≥ 0.
Proof See Proposition (3.10, (1)) of [20].
Suppose that σ0 is not semistable for the above action and that the instability
parabolic P ′ for σ0 is defined over the field K. Then the parabolic P
′ ⊂ E(G)0 gives
rise to a rational reduction of the structure group τ of E to the parabolic P such
that (Eτ (P ))0 = P
′.
The following result is slightly more general than the Proposition (3.13) of [20]
(without the semistability assumption on E) and its proof is along the same lines.
Proposition 3.9 Suppose σ0 is not semistable and its instability parabolic is defined
over the field K then there exists a positive integer r and a dominant character χ of
P (related by the Lemma 3.4) such that the following inequality holds
−(r mP ) deg(Tσ) ≤ deg(χ∗(Eτ )) (2)
The above result when E is semistable implies that deg(Tσ) ≥ 0 and this along with
Proposition 3.8 is used in characteristic zero to show that E(G1) is semistable.
We will use Proposition 3.9 in this generality because the instability parabolic will
be defined after a suitable Frobenius pull-back of E which may not be semistable
(see proof of Theorem 1.1).
4 A result on instability parabolics
One of the main steps in our proof of Theorem (1.1) is a result (Proposition (4.5))
which gives uniform bounds for the domain of definition of instability parabolics.
For proving this result we need to estimate the non-reducedness of the fibers of
morphisms of algebraic varieties and we will do this part first.
We start with some definitions which will be used later. Let K be a field and let K
be its algebraic closure.
We define the radical index Ri(A) of an affine algebra A over K to be the smallest
integer n such that for any f in the radical Rad(A) of A we have fn = 0. For an
affine morphism f : Y −→ X of finite type K-schemes we define the radical index
Ri(x) of a point x ∈ X to be Ri(Yx) where Yx is the fiber of f at the point x ∈ X .
Proposition 4.1 Let f : Y −→ X be a morphism of finite type affine schemes over
K. There exists an integer n such that Ri(x) ≤ n for each x ∈ X.
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Proof The proof of this proposition is a series of reductions from the case of
arbitrary X and Y to very specific ones using the induction on the dimension of X .
Let X = Spec(A) and Y = Spec(B) and i be the homomorphism A −→ B. For
any prime ideal p ∈ Spec(A) (or Spec(B)) we write Ri(p , B) for the radical index
of B/pB.
First we may assume that A is integral. This part is an elementary check.
We use induction on the dim(A). So, successively we reduce to the situations where
we need to bound Ri(m , B) for maximal ideals m ∈ Spec(Af) for suitable choices
of f ∈ A.
We make some reductions on B. We may assume that B is reduced. For this if m
is a maximal ideal of A then we can check that
Ri(m , B) ≤ Ri(m , Bred) + Ri(B)
Next we may assume that B is irreducible. Let pi, for i = 1 . . .m, be the set of
minimal prime ideals in B. Let m be a maximal ideal in A. We will show that
Ri(m , B) ≤ mMaxmi=1Ri(m , B/pi)
For this one observes that if x ∈ Rad(B/mB) then the image of x in each of B/pi⊗
A/m lies in Rad((B/pi)/m(B/pi)). Hence if n = Max
m
i=1Ri(m , B/p) then x has the
property that xn ∈ ∩mi=1(pi +mB). We can write x
n = yi + zi such that yi ∈ pi and
zi ∈ mB. Since B is reduced we have Πmi=1(x
n − zi) = Πyi = 0, and so xnm ∈ mB.
This proves the assertion.
Hence from now on we may assume that A and B are integral domains.
We reduce this problem to an open subscheme of Y = Spec(B). Let b ∈ B. Then
there exists an element a ∈ A such that (B/bB)a is flat over Aa. Hence for any
maximal ideal m in Aa we have Tor
A
1 ((B/bB)a , A/m) = 0.
Consider the map Ba −→ Bab. We will show that Ri(m , Ba) ≤ Ri(m , Bab). If
x ∈ B is such that some power of it lies in Ba/mBa then the image of x also has
the same property over Bab. Then by clearing denominators if r = Ri(m , Bab) then
there is an m such that bm xr ∈ mBa. Using the exact sequence
· · · −→ TorA1 ((B/bB)a , A/m) −→ Ba/mBa −→ Ba/mBa
with the last map being multiplication by b, we conclude, by the vanishing of the
TorA1 ((B/bB)a , A/m), that x
r ∈ mBa. Hence it is enough to bound radical index of
fibers of some open set of the type Bb over A.
We use Noether Normalization (and inverting an element of A) to get an inclusion
A →֒ A[x1 , . . . , xr] = A′ →֒ B such that B is finite over A′. Let KA(respectively
KB and KA′) be the function fields of A (respectively B and A
′).
Let L be the separable closure of KA′ in KB. The extension L ⊂ KB is purely
inseparable. Hence there is an integer n1 such that for any x ∈ KB, we have
xp
n1 ∈ L.
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Let C = B∩L. Then we observe that B is integral over C and is a finitely generated
A-algebra. This implies that C is also a finitely generated A-algebra. Again by
localizing A at an element we can assume that the A module B/C is flat over A
and hence for any m in A we have TorA1 (B/C , A/m) = 0. This has the effect that
for each maximal ideal m in A we have an injection C/mC −→ B/mB. Using this
and the fact that xp
n1 ∈ C for any x ∈ B we have
Ri(m , B) ≤ Ri(m , C) + pn1
The problem now reduces to proving the proposition for the case when A →֒ B is
an extension of finitely generated domains such that the function field extension is
separable. Further, it is enough to prove the result for the case A →֒ Bb for some
b ∈ B.
We may now assume that A and B are smooth domains. Hence we conclude that
there exist elements b ∈ B and a ∈ A such that the morphism Spec(Bab) −→
Spec(Aa) is smooth. This implies that the fibers here are reduced and hence proof
of the proposition is complete. 
Let T be a finite type scheme over K. Let N be its radical ideal sheaf. This has
the property that for any closed point of T , the stalk of N is the radical of the local
ring. We define the radical index Ri(T) of T to be the smallest integer n such that
for any open subset U ⊂ T and for any g ∈ Γ(U , N ) we have gn = 0 ∈ Γ(U , N n).
Let f : Y −→ X be a morphism of finite type K-schemes. In this general setting we
define the radical index of the closed point x ∈ X by Ri(x) = Ri(Yx), where Yx is the
fiber at x. In this case we have the following result which generalizes Proposition
(4.1) and this will also be used in our proof of main results.
Proposition 4.2 Let f : Y −→ X be a morphism of finite type schemes over K
There exists an integer n such that Ri(x) ≤ n for all closed points x ∈ X
Proof Let {Ui}ri=1 be an open cover of X by affine open subschemes with Ui =
Spec(Ai). Then it is enough to prove the result for the case of each of Ui, hence we
may assume that X = Spec(A) is an affine scheme.
Let {Vi}r
′
i=1 be an open cover of Y by a finite number of affine open subschemes. We
write Vi = Spec(Bi). By Proposition (4.1), we have positive integers ni such that
for each maximal ideal m of A we have Ri(m , Bi) ≤ ni. Let n = Max{ni}.
Then we have Ri(x, Y ) ≤ n for each closed point x ∈ X . This is because the fiber
Yx can be covered by affine open subschemes {Vi,x}. Here Vi,x is the fiber of x in
Vi. If U −→ Yx is any open immersion and ν ∈ Γ(U , N ) then restriction νi of ν to
U ∩Vi,x lies in Γ(U ∩Vi,x , N ). Hence the result would follow if we show that for any
K-algebra B and an element b ∈ B we have Ri(Bb) ≤ Ri(B). The last statement is
a straight forward verification. This completes the proof of Proposition (4.2). 
Remark 4.3 One notes that the constant n as defined in the above proposition
depends on X , Y , and f but not on the K-valued points of X .
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Let G be a reductive algebraic group acting on a variety M (over K). For any
x ∈ M(K) we denote the isotropy subgroup scheme at x by Gx. The following
result is a consequence of the above proposition.
Proposition 4.4 There exists an N1 such that Ri(Gx) ≤ N1 for each x ∈M(K).
Proof Consider the map G ×M −→ M ×M defined by (ρ , pr2) where ρ is the
action map and pr2 is the second projection map. Let ∆M be the diagonal map
M −→ M ×M . Let H = (G ×M) ×M×M M . Then we have a natural projection
map π : H −→ M which has the property that for any x ∈ M(k) the fiber of the
map π at x is the isotropy subscheme Gx. The result follows from Proposition (4.2).

Let K be an arbitrary field and Ks and K be its separable closure and the algebraic
closure respectively (in fact K will be the function field of the smooth projective
variety X).
In this case the radical index of a finite type scheme T over K is defined to be the
radical index of the scheme T = T ⊗K K.
Let G be a reductive group over K. Let M and V be as defined before (in Section
3).
Let m be a non-semistable K valued point of M . Let P (m) be the instability
parabolic defined over K. Recall from Remark (3.5) that if P (m) is defined over Ks
then it is already defined over K. Hence P (m) is always defined over a finite purely
inseparable extension of K.
The following Proposition is the main result of this Section.
Proposition 4.5 There exists an integer N such that for any K-rational point m
of M which is not semistable, the instability flag P (m) is defined over Kp
−N
.
Proof It is enough to show that there exists an N such that the instability
parabolic for any non-semistable Ks rational point of M is defined over K
p−N
s (see
Remark (3.5). This enables us to assume that all our objects are defined over the
field Ks.
Let m be a Ks-valued point of M which is not semistable for the action of G on M .
Let O(m) be the (reduced) orbit of G at m. Let P (m) be its instability parabolic
over K. We can find a g ∈ G such that g P (m) g−1 = P is defined over Ks (this was
seen before). If xm = g.m then P = P (xm) is the instability flag of xm.
To this setup we have the scheme M(P )xm as defined in Section 3 satisfying the
properties of the Lemmas (3.6) and (3.7).
Our main goal is to estimate the non-reducedness of the scheme M(P )xm indepen-
dent of m, and this will enable us to prove that the parabolic P (m) is defined over
a fixed purely inseparable extension of Ks for all m.
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Note that we have made a choice of xm and this choice fixes the instability 1–PS λ
of xm which is defined over Ks. Hence the point xm determines the vector subspace
V j ⊂ V (as defined in Section 3) .
We will show that there exists a positive integer N2 such that for any non-semistable
point m ∈ M and any choice of xm as above, the radical index Ri(M(P )xm) ≤ N2.
The basic idea of the proof is to prove that the spaces M(P )xm occurs as suitable
subschemes of the fibers of a fixed morphism Y −→ X and then apply Proposition
(4.2) to bound the radical index. For this analysis we may assume that we are
working over the algebraic closure K of K.
Consider the map ρ˜ : G×P(V ) −→ P(V )×P(V ) defined by ρ˜ = (ρ , pr2), where ρ is
the action map and pr2 is the second projection. Let Y be the schematic image of ρ˜.
In this case Y gets the reduced induced scheme structure from the product and its
points are the closure of the image of the map ρ˜. We have the map h : Y −→ P(V )
which is the composition of the inclusion map to P(V ) × P(V ) with the second
projection. Let Yx be the fiber of h at a point x ∈ P(V ). One observes that Yx
contains the closure of the orbit O(x) of x.
For any integral locally closed subscheme Z ⊂ P(V ) we have the restriction of the
map ρ˜ which we denote by ρ˜Z from G× Z −→ P(V )× Z. Let YZ be its schematic
image. We again get the induced map hZ : YZ −→ Z and we denote by YZx the
fiber of the surjective map hZ at x ∈ Z.
Note that since Z is reduced we have an open subscheme U1 ⊂ Z where the map h
Z
is flat. One also observes that the schematic image of ρ˜Z|(G×U1) is exactly (h
Z)−1(U1).
Hence we can restrict the setup to U1.
Since the actual image set Z ′ = ρ˜Z(G × U1) is constructible, it contains an open
subset U ′ ⊂ YU1. The map U ′ −→ U1 is flat, hence if we define U = U ′ ∩ U1 and
restrict the whole setup to U , the image set Z = ρ˜Z(G×U) contains an open subset
U ′ ⊂ Y U which maps surjectively onto U . Now we can further translate the open
set U ′ by an element of g which acts on the first factor to obtain that Z is open in
YU . The upshot of this analysis is that for any subvariety Z ⊂ P(V ) we can find an
open subscheme U ⊂ Z such that we can define an open reduced subscheme ZU of
YU whose points are exactly the image of the map ρ˜U . This also has the property
that O(x) is exactly the reduced part (ZUx )red of the fiber Z
U
x at x ∈ U .
Let 0 < l < dim(V ) be an integer. Let Grl(V ) be the Grassmannian of l-dimensional
planes in P(V ). We have a universal subscheme i : Hl ⊂ Grl(V )×P(V ). This has the
property that for each y ∈ Grl(V ) the inverse image (Hl)y = i−1({y}×P(V )) ⊂ P(V )
is P(Wy), where Wy is the l dimensional subspace of V associated to the point y.
Now we consider the relative version of the setup to get a suitable intersection of
the orbits with projective subspaces of P(V ). Let Z and U be defined as before.
Let ρ˜Ul : Grl(V ) × G × U −→ Grl(V )× P(V ) × U be the map defined by (id , ρ˜
U).
Inside Grl(V )×P(V )×U we have two subschemes namely Grl(V )×ZU and Hl×U .
Let Y be the scheme theoretic intersection of these schemes. We have a map f :
Y −→ X = Grl(V )×U which is obtained by composing the inclusion map with the
product of the first and the last projection map.
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The map f has the property that for any x ∈ U and y ∈ Grl(V ), M ′y,x = f
−1(y , x)
is the scheme theoretic intersection of ZUx and P(Wy). Hence by Proposition (4.2),
there exists an integer n such that Ri(M ′y,x) ≤ n, for each (y, x) ∈ X .
If My,x is the schematic intersection of O(x) and M
′
y,x then we have an inclusion
(My,x)red ⊂My,x ⊂M ′y,x. Hence we conclude that for each (y , x) ∈ Grl(V )×U , we
have Ri(P(Wy) ∩O(x)) ≤ n.
Take Z = P(V ) and we obtain an open subscheme U with a bound n for the
radical index of P(Wy) ∩ O(x) for every x ∈ U and y ∈ Grl(V ). Then take the
complement of U in P(V ) and so on by induction there exists an integer nl such
that Ri(P(Wy) ∩ O(x)) ≤ nl for each y ∈ Grl(V ) and x ∈ P(V ).
We choose N2 = Max
r
l=1{nl}. Then for any m ∈ M(Ks) which is not semistable
and any choice of xm as before the subscheme M(P )xm occurs as one such My,x for
some y ∈ Grl(V ) for some l and x = xm. This proves that for all choices of xm and
m we have Ri(M(P )xm) ≤ N2.
As a next step in the proof of the Proposition (4.5) we will show that for any
m ∈M(K) the Ks-scheme M(P )xm admits a K
p−N2
s -rational point. For this we can
first find an affine open subscheme Uxm of M(P )xm which is defined over Ks. As the
radical index of Uxm is ≤ N2, the existence of rational points on Uxm follows from
the Lemma below.
Lemma 4.6 Let A be an affine Ks-algebra with radical index ≤ pn. Then A admits
a Kp
−n
s -rational point.
Proof We will denote by An the K
p−n
s -algebra A ⊗Ks K
p−n
s and by A the Ks-
algebra defined by A⊗Ks Ks. Since the radical Rad(A)⊗Ks Ks ⊂ Rad(A) we may
assume that A is reduced. We show that the natural inclusion
Rad(An)⊗Ks Ks ⊂ Rad(A)
is an isomorphism. This will prove that the Kp
−n
s -algebra An/Rad(An) is absolutely
reduced and hence will admit a Kp
−n
s -rational point.
Let f ∈ Rad(A). Then we can write f =
∑l
i=1 f
′
i ⊗ ai with fi ∈ A and ai ∈ Ks. If
each of ai ∈ Kp
−n
s then already we have f ∈ Rad(An)⊗Ks Ks.
Let n1 > n be so chosen that each of ai ∈ K
p−n1
s . Using the identity A = An⊗Kp−ns
Ks, we have an expansion of f =
∑j
i=1 fi ⊗ bi where fi ∈ An and bi ∈ K
p−n1
s such
that {b1, . . . , bj} is linearly independent over Kp
−n
s .
We claim that bp
n
i ’s are linearly independent over Ks. Suppose that
∑
ci b
pn
i = 0
with ci ∈ Ks. Let di ∈ K
p−n
s be such that d
pn
i = ci. The above implies that
(
∑
di bi)
pn = 0. This proves the claim.
The radical index of A is n we have f p
n
= 0 and this gives us 0 = f p
n
=
∑j
i=1 f
pn
i ⊗
bp
n
i . Since b
pn
i ’s are linearly independent over Ks and A is flat over Ks, we have
f p
n
i = 0. Hence fi ∈ Rad(An). This proves the lemma (4.6). 
We have the orbit morphism G −→ O(m) which is defined over Ks. Also we have a
Kp
−N2
s -valued point of M(P )xm which is Ks-subscheme of O(m). Hence we obtain
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a Kp
−N2
s -valued point y of O(m). Let Gm be the isotropy subgroup scheme of G
at m. Then we have a Ks isomorphism G/Gm ∼= O(m). Let N1 be as defined in
Proposition (4.4). We show that if N = N1 + N2 then the instability parabolic
P (m) of m is defined over Kp
−N
s . For this we first show that there is a K
p−N
s -valued
point h of G such that it maps to y. This statement follows from the fact that if
Y is the fiber of the map G −→ O(m) at the point y, then Y defines a principal
Gm-bundle over S = Spec(K
p−N2
s ). Now it follows from Proposition (4.4) that the
scheme Y is an finite type affine scheme over S whose radical index is ≤ N1. Hence
by lemma (4.6) we conclude that Y admits a Kp
−N
s -rational point. This proves that
there is a Kp
−N
s -valued point h of G such that hm = y.
The Lemma (3.7) now implies that the instability parabolic P (m) of m is defined
over Kp
−N
s and this completes the proof of the Proposition (4.5). 
5 The proof of the main Theorems
In this Section we will prove the main Theorems (1.1) and (1.2) stated in the in-
troduction. The basic strategy of the proof is to assume (1.1) for the case of lower
semisimple rank groups and prove (1.2). Finally prove the Theorem (1.1) using (1.2)
and the Proposition (4.5).
Proof of Theorem (1.2)
(Assuming Theorem (1.1) for lower semisimple rank)
We fix the Borel subgroup B and a maximal torus T ⊂ B and the root datum
as before. Let ∆ denote the set of simple roots. Let Qα be the maximal parabolic
subgroup of G containing B corresponding to the simple root α ∈ ∆. We will denote
by qα and g the lie algebras of Qα and G respectively. Let P be a parabolic subgroup
of G containing B. Let L be its Levi quotient. We will use the following lemma
which is proved in Biswas-Gomez (see proof of Theorem 4.1, in page 783, [5]) .
Lemma 5.1 Let P ⊂ Qα be an inclusion of parabolic subgroups. There exists a
filtration
0 = V α0 ⊂ V
α
1 ⊂ . . . ⊂ V
α
aα
= g/qα
of P modules such that the following holds.
1. The unipotent radical Ru(P ) acts trivially on each successive quotients W
α
j =
V αj /V
α
j−1 and (hence) the identity connected component of the center of the
Levi quotient L acts by a scalar on the induced representation (denoted by ραj )
of L.
2. The character χαj of P on the action of P on W
α
j has the property that its
restriction to the maximal torus T can be written as a non-positive linear
combination of simple roots
∑
β∈∆ n
α
j,ββ with n
α
j,β ≤ 0 and n
α
j,α < 0.
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Let Π be the subset of simple roots defined by the property that α ∈ Π if and only
if P ⊂ Qα. Here we can look at P as PΠ.
For an α ∈ Π, let χα0 be the character of P which is defined by the representation
of P on g/qα. One can check that the restriction of χ
α
0 to the maximal torus is
a non-positive linear combination of simple roots with the coefficients of α being
negative. Let χP be the character of P defined by the representation of P on g/p.
Let T be the finite set Πα∈Π[0 , aα). For an element z ∈ T , the Lemma (5.1)
and the observation above imply that there exists positive integers n(z) and mα(z)
(for each α ∈ Π) with the property that the restriction of the character n(z)χP −∑
α∈Πm
α(z)χαzα to the maximal torus T is a linear combination of simple roots in
∆− Π. This automatically implies that
n(z)χP =
∑
α∈Π
mα(z)χαzα (3)
We will define the constant NP by
NP = Maxz∈T {
1
n(z)
∑
α∈Π
mα(z)} (4)
Lemma (5.1) also implies that representation ραj of L takes the identity connected
component of the center of L to connected component of the center of GL(W αj ).
Hence by the induction assumption (on Theorem 1.1) there exists a constant CL(X , ραj )
such that for any rational semistable L-bundle EL we have
µmax(EL(W
α
j )) − µmin(EL(W
α
j )) ≤ C
L(X, ραj ) (5)
Let CP = Max {CL(X, ραj )}, where the maximum is taken over all α ∈ Π and
1 ≤ j < aα.
We also define the constant MP by setting MP = Maxα∈Π,j{dim(W αj )}
Note that the constants NP , MP and CP depend on the parabolic P and since there
are only finitely many choices of parabolic subgroups containing B, we will define
the constant N ( respectivelyM and C) to be the maximum of each NP (respectively
MP and CP ) over all parabolics containing the Borel subgroup B.
We take a rational G-bundle E over X . Let Ideg(E) be its instability degree. Let
(P ′ , σ′) be a Harder-Narasimhan reduction. One notes here that the reduction σ′
satisfies the properties (1) and (2) stated in Section 2.
Let F = F ∗(E) be the Frobenius pull-back of E. Let σ be its Harder-Narasimhan
reduction to a parabolic P containing B. We will denote by Fσ the P -bundle defined
by σ and Tσ the tangent bundle along the fibers of X . We will denote by Fσ,L the
L-bundle obtained by extension of Fσ to L.
We need to bound the slope of Tσ in terms of the slope of Tσ′ .
For each α ∈ Π, we have an inclusion P ⊂ Qα. This gives rise to a reduction σα of
F to Qα and we will denote by Fσα the Qα-bundle determined by this reduction.
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By Lemma (5.1) we have representations of P in g/qα and representations ρ
α
j for
1 ≤ j < aα. These give rise to a vector bundle Tσα and a filtration Fσ(V
α
j ) of Tσα
with the property that successive quotients are isomorphic to Fσ,L(W
α
j ).
The bundle F (being the Frobenius pull-back) admits a p-connection ∇ satisfying
the properties defined in Proposition (2.5).
We apply this to the reduction σα to get the map of vector bundles∇σα : TX −→ Tσα .
First we consider the case when the above map is zero. Then there is a reduction
σ˜ of E to Qα such that σα = F
∗(σ˜). This has the effect that deg(Tσα) = p deg(Tσ˜).
Hence we have the inequality
deg(Tσα) ≥ p Ideg(E) (6)
Now suppose that map ∇σα is not zero. Then there is a j such that the image of
∇σα is contained in Fσ(V
α
j ) and not in Fσ(V
α
j−1). Hence we get a non-trivial map
TX −→ Fσ,L(W αj ). This implies that µmin(TX) ≤ µmax(Fσ,L(W
α
j )).
Let CX = µmin(TX). This combined with equation (5) and the fact that CX−C can
be made to be negative implies that
deg(Fσ,L(W
α
j )) ≥ (CX − C)M (7)
Further the right hand side in the inequalities (6) and (7), being negative, can be
summed up to get a common right hand side, namely p Ideg(E) + (CX − C)M
Hence for any α ∈ Π either the inequality (6) holds or the inequality (7) holds for
some choice of j. This implies that if we vary α ∈ Π we obtain an element z ∈ T .
Hence for the element z using the formula (3) we get
n(z)deg(Tσ) ≥
∑
α∈Π
(mα(z))(p Ideg(E) + (CX − C)M)
This implies that deg(Tσ) ≥ N(p Ideg(E) + (CX−C)M). This completes the proof
of Theorem (1.2). 
The above theorem and an induction argument also proves the following.
Corollary 5.2 There exists constants C and N (independent of E) such that
Ideg((F n)∗E) ≥ pnN Ideg(E) + C
.
Proof of the Theorem (1.1)
We fix a Borel subgroup B1 of GL(V ). For a parabolic P1 of GL(V ) containing B1,
we have an action of G on MP1 = GL(V )/P1. We fix a representation GL(V ) −→
GL(VP1) such that it defines an embedding of GL(V )/P1 ⊂ P(VP1) with the property
that the character of P1 on VP1 is a positive multiple mP1 of the character of χP1
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associated to the restriction of the adjoint representation of P1 on the vector space
gl(V )/p1.
The line bundle O(−1) on P(VP1) when restricted to GL(V )/P1 defines an anti ample
line bundle L−1P1 which is also defined by the character −mP1 χP1 .
For a rational G-bundle E over X we have a rational fiber bundle E(MP1) and the
line bundle O(−1) gives a rational line bundle E(L−1P1 ).
Let x0 be the generic point of X . Let E(G)0 the group scheme over K = k(X)
associated to E at the generic point x0. Then we have an action of E(G)0 on
E(MP1)0 which is linearized with respect to the line bundle E(LP1)0 over K.
Lemma 5.3 There exists a constant N , depending only on G and X, such that
for any rational G-bundle E and for any parabolic P1 containing B1 the instability
parabolic for any K-valued non-semistable point of E(MP1) (for the above action of
E(G)0) is defined over K
p−N .
Proof Let E0 be the principal G-bundle over K obtained by restriction of E to
the generic point of X . One observes that E0 becomes trivial over a finite separable
extension of K, hence when we change the base to Ks, the separable closure ofK, we
get an isomorphism E0⊗KKs ∼= G⊗kKs. This isomorphism now canonically extends
to give an isomorphism of E(G)0⊗KKs ∼= G⊗kKs and E(MP1)0⊗KKs
∼= MP1⊗kKs,
and the last one being compatible with group actions, and also of the isomorphisms
between the ample line bundles on these spaces.
For the induced action of G⊗kKs onMP1⊗kKs which is linearised by LP1⊗kKs, by
Proposition (4.5), it follows that there is a positive integer N such that for any non-
semistable point m of MP1 ⊗k Ks the instability is defined over K
p−N
s . Since there
are only finitely many parabolic subgroups containing B1 we can find a constant N
which works for all these parabolic subgroups.
This implies that the group scheme E(G)0 ⊗K Ks for any E also has the same
property. The Galois descent argument implies that instability parabolic of a K-
valued point of E(MP1)0 is defined over the field extension K
p−N , with N being
independent of the rational G-bundle E and the reduction σ. This proves the
lemma. 
A rational reduction σ of ρ∗E to P1 gives a K-rational point σ(x0) of E(MP1)0. If
this point is semistable then by Proposition (3.8), we have
deg(σ∗E(LP1)) = mP1deg(Tσ) ≥ 0 (8)
If the point σ(x0) is not semistable we have an integer N prescribed by Lemma (5.3)
such that its instability parabolic P ′0 is defined over K
p−N .
One observes that pull-back by the N -th Frobenius morphism FN of X , the ac-
tion of the generic fibre ((FN)∗E(G))0 = (F
N)∗K(E(G)0) on ((F
N)∗E(MP1))0 =
(FN)∗K(E(M)0) is the base change by the Frobenius F
N
K : Spec(K) → Spec(K)
of the action of E(G)0 on E(M)0. Hence the point ((F
N)∗σ)(x0) has an instabil-
ity parabolic P ′0 for the action of (F
N)∗K(E(G)0) defined over K
p−N (see proof of
Theorem (3.23) of [20]).
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The parabolic subgroup P ′0 defines a rational reduction of the structure group τ of
(FN)∗E to a parabolic subgroup P ′ ⊂ G with P ′0 = (Eτ (P
′))0.
Since P ′0 is defined over K
p−N , by Remark (3.5), the instability 1-PS for σ(x0) is
also defined over Kp
−N
.
The Proposition (3.9) (applied to bundle (FN)∗E and the point ((FN)∗σ)(x0)) im-
plies that there is a positive integer r and a dominant character χ of P ′ such that
the following inequality holds.
−r deg(((FN)∗σ)
∗
(((FN)∗E)(LP1))) ≤ deg(χ∗(((F
N)∗E)τ )) (9)
Let Π ⊂ ∆ be the subset defining the parabolic P ′. Let Qα be the maximal parabolic
subgroup of G containing P ′ defined by α. Let χα be the dominant character of
Qα defined by the representation g/qα. There is a positive integer mα such that we
have χα|T = −mαwα where wα are the fundamental weights of G with respect to a
fixed maximal torus contained in P ′.
Let L′ = P ′/Ru(P
′) and Z0(L
′) be the connected component of the center of the
Levi L′.
By Lemma (3.4) we have a character χ′ of the maximal torus T ⊂ P ′ such that
χ′|Z0(L′) = χ|Z0(L′) and χ
′ = r ν(v , λ) ||λ|| lλ. Here lλ is the dual of λ.
The above equality can be rewritten as χ′ = r ν(σN , λ)la where a ∈ X∗(T ) ⊗ Q is
the element in the unit sphere defined by a = λ/‖λ‖.
By Lemma (3.1) there exists a constant BG such that for every point m ∈MP1⊗kK
and λ ∈ X∗(T )⊗Q we have
ν(m, λ) ≤ BG (10)
The Weyl group invariant scalar product on X∗(T )⊗Q induces a scalar product on
X ∗(T )⊗Q. The following lemma is an elementary calculation.
Lemma 5.4 Let S = {l ∈ X ∗(T )⊗Q | ‖l‖ = 1}. Then there exists a constant AG
such that for each l ∈ S if l =
∑
α∈∆ rαwα then |rα| ≤ AG for each α ∈ ∆.
One notes that under the scalar product we have ‖la‖ = 1. Since la is trivial on the
center of G, the Lemma (5.4) implies that la =
∑
α∈∆ rαwα with |rα| ≤ AG.
This along with the above description of r and χ we get
χ|Z0(M ′) = r ν(σN , λ)
∑
α∈Π
rαwα (11)
the last equality can be rewritten in terms of χα as follows.
−χ = r ν(σN , λ)
∑
α∈Π
(rα/mα)χα
Using the fact that deg(χα∗(((F
N)∗E)τ )) ≥ Ideg((FN)∗E) and combining it with
the inequality (10) we obtain
deg(χ∗(((F
N)∗E)τ )) ≤ −r BGAG |∆|Ideg((F
N)∗E).
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This along with (9) implies that there exists a constant C(G) depending only on G
such that deg(((FN)∗(σ))∗E(LP1)) ≥ C(G)Ideg((F
N)∗E).
Since ((FN)∗σ)∗(((FN)∗E)(LP1)) = (σ
∗(E(LP1)))
pN it follows that deg(σ∗(E(LP1)) ≥
(C(G)/pN)Ideg((FN)∗E). By (8) we have degTσ ≥ (C(G)/(mP1 p
N))Ideg((FN)∗E)
for every rational reduction σ of ρ∗E to P1 which has the property that σ(x0) is not
semistable.
This implies that we have a constant C(G , ρ) such that
Ideg(ρ∗E) ≥ C(G , ρ)
Ideg((FN)∗E)
pN
By Corollary (5.2) and Lemma (2.4) we are through with the proof of the Theorem
(1.1). 
Remark 5.5 The proof actually shows the following more general result. Let
ρ : G → G′ be a homomorphism of connected reductive groups which takes the
identity connected component of the center of G to the center of G′. Then there
exists constants C and C ′ (depending only onX , G, and ρ) such that for any rational
G-bundle E over X we have
Ideg(ρ∗E) ≥ C Ideg(E) + C
′.
With this formulation, Theorem (1.2) is a special case of this result when applied
to the Frobenius homomorphism of G.
6 Boundedness of semistable bundles
In this section we prove the boundedness of semistable G-bundles on X under the
assumption stated in the introduction. From now on we work with G-bundles on X
and not the rational ones.
Let X (G) be the group of characters of G. Let Ak(X) be the k-th Chow group. To
a principal G-bundle E, recall the definition of the degree dE ∈ Hom(X (G) , A
1(X))
of a principal G bundle E from the introduction.
We fix a collection of elements ci ∈ Ai(X) for 2 ≤ i ≤ n = dim(X) and also we fix
an element d ∈ Hom(X (G) , A1(X)).
Under the assumptions in Theorem (1.3), we will show that the set SG(d ; c2 , . . . , cn)
of isomorphism classes of semistable G-bundles {E} with degree dE = d and the
Chern classes ci(ad(E)) = ci is bounded. Our proof is based on Proposition (4.12)
of [19]
We begin with an elementary lemma which allows us to use representations.
Lemma 6.1 There is a faithful completely reducible rational representation of G.
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Proof For any irreducible representation ρ of G in a vector space V let ker(ρ) be
the kernel. We first show that N =
⋂
ρ ker(ρ), over all irreducible representations,
is trivial. This is because if ρ1 is a faithful representation of G (hence of N) on a
vector space W then there is a filtration of W such that successive quotients are
irreducible. This implies that ρ1(N) ⊂ GL(W ) lies in a parabolic subgroup and its
image when composed with the projection to the Levi quotient is trivial. Hence
N is a unipotent normal subgroup scheme. Let N0 be the identity component of
N . Since G is connected, using the conjugation map G × N0 −→ N defined by
(g , n) 7→ gng−1, we check that N0 is normal. Again using the conjugation map, this
time from G×(N0)red −→ N we see that (N0)red is also normal. Since G is reductive
this proves that N is a finite subgroup scheme of G. Now using the conjugation map
for the third time we get that N is central and hence it is diagonalizable. Now we
see that the representation ρ1 restricted to N is trivial which is a contradiction.
Now by dimension and length count we can find finitely many irreducible represen-
tations ρi, for i = 1 , . . . , m, of G such that
⋂m
i=1 ker(ρi) = 0. This proves the lemma.

We also have another general lemma.
Lemma 6.2 Let ρ : GL(V ) −→ GL(W ) be a representation of GL(V ). Let E1 and
E2 be two GL(V ) bundles over X such that ci(E1) = ci(E2) for each i. Then we
have ci(E1(W )) = ci(E2(W )) for each i.
Proof Let A∗(BGL(V )) (respectively A∗(BGL(W ))) be the Chow ring of BGL(V )
(respectively BGL(W )). Then one knows that A∗(BGL(V )) ∼= Z[c1 , . . . , cn](see
[24]). The representation ρ gives rise to the map ρ∗ : A∗(BGL(W )) −→ A∗(BGL(V )).
Now we have the classifying maps fEi : X −→ BGL(V ) for i = 1 , 2. The conditions
of the lemma imply that the induced maps f ∗Ei : A
∗(BGL(V )) −→ A∗(X) are equal.
This implies that the maps f ∗E1 ◦ ρ
∗ = f ∗E2 ◦ ρ
∗. Hence the Lemma follows. 
We continue with the proof of the Theorem (1.3). By lemma (6.1), we have a
completely reducible representation ρ =
⊕
ρi on V =
⊕
Vi of G which is faithful.
Here Vi are the irreducible components.
For a fixed i, the representation ρi takes the identity connected component of the
center of G to the center of GL(Vi). Hence for E and E
′ in SG(d ; c2 , . . . , ca), we
have c1(E(Vi)) = c1(E
′(Vi)).
The representation ρi induces a Lie algebra homomorphism g −→ End(Vi). The
lemma (6.2) now proves that the two vector bundles E(End(Vi)) = End(E(Vi)) and
E ′(End(Vi)) = End(E
′(Vi)) have same Chern classes. Since the Chern classes of
a vector bundle are completely determined by the first Chern class and the Chern
classes of the endomorphism bundle we conclude that the Chern classes of E(Vi) are
are independent of the individual members E in SG(d ; c2 , . . . , cn).
By Theorem (1.1) there are constants Ci = C(X, ρi) for the representation ρi.
Now the assumptions in Theorem (1.3) imply that there is a finite type scheme
Si and a family Ui of vector bundles over Si × X which contains every member of
SCi(ri ; c1(E(Vi)) , . . . cn(E(Vi))) occurs.
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Now we take the scheme S = Πmi=1Si and U = U1×X U2×X . . . Um. Then Theorem
(1.3) follows from the arguments in the last part of the Proposition 3.1 in [10]. 
Remark 6.3 It should be possible to prove a version of the above Theorem for
the case of principal G-sheaves in the sense of [8].
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